Introduction {#Sec1}
============

When studying different machine models, it is common to study both time and space complexity of a machine or an algorithm. In particular, the study of complexity of Turing machines gave way to the area of computational complexity, which has been one of the most well-studied areas of theoretical computer science for the past 40 years \[[@CR7]\]. The field of automata theory specializes in different machine models, often with more restricted types of data stores and operations. Various models of automata differ in the languages that can be accepted by the model, in the size of the machine (e.g. the number of states), in the algorithms to decide various properties of a machine, and in the complexity of these algorithms. Some of the well-studied automata models with more restricted power than Turing machines are finite automata \[[@CR5], [@CR9]\], pushdown automata \[[@CR5], [@CR9]\], stack automata \[[@CR4]\], checking stack automata \[[@CR4]\], visibly pushdown automata \[[@CR1]\], and many others.

For Turing machines, several different space complexity measures have been studied. Some of these complexity measures are the following \[[@CR13]\]:weak measure: for an input word *w*, the smallest tape size required for some accepting computation on *w*;accept measure: for an input word *w*, the largest tape size required for any accepting computation on *w*;strong measure: for an input word *w*, the largest tape size required for any computation on *w*.

For any of these measures, the space complexity of a machine can be defined as a function of an integer *n* as the maximum tape size required for any input word of length *n* under these conditions. Finally, given a language, one can examine the space complexity of different machines accepting this language. For many of the more restricted automata models, some of these three complexity measures have not been studied as extensively as for Turing machines[1](#Fn1){ref-type="fn"}. This paper aims to fill the gaps for several machine models.

We study the above complexity measures for machines and languages of one-way stack automata, non-erasing stack automata, and checking stack automata. One-way stack automata are, intuitively, pushdown automata with the additional ability to read letters from inside the stack; but still only push to and pop from the top of the stack. Non-erasing stack automata are stack automata without the ability to erase (pop) letters from the stack. Finally, checking stack automata are further restricted so that as soon as they read from inside of the stack, they can no longer push new letters on the stack.

It is known that checking stack languages form a proper subset of non-erasing stack languages, which form a proper subset of stack languages \[[@CR4]\], and those in turn form a proper subset of context-sensitive languages \[[@CR8]\]. In terms of space complexity, it is possible to study the three space complexity measures (weak, accept, and strong) as the maximum stack size required for any input of length *n*. It is already known that every stack language can be accepted by *some* stack automaton which operates in linear space using the weak measure \[[@CR8], [@CR12]\]. However, this does not imply that *every* stack automaton has this property. We prove here that every checking stack automaton has this property. Further results are known relating one-way and two-way versions of these machines to other models, and to space complexity classes of Turing machines, e.g. \[[@CR3], [@CR10], [@CR12]\].

For checking stack automata, we give a complete characterization of the possible accept and strong space measures. For both measures, exactly one of the following three cases must occur for every checking stack automaton: The complexity is $\documentclass[12pt]{minimal}
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                \begin{document}$$O(1)$$\end{document}$. Then the automaton accepts a regular language.There is some word (accepted word for the accept measure) *u* which has computations (accepting computations, respectively) that use arbitrarily large stack space on *u*, and so the complexity is not $\documentclass[12pt]{minimal}
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                \begin{document}$$O(f(n))$$\end{document}$ for any integer function *f*. The language accepted can be regular or not.The complexity is $\documentclass[12pt]{minimal}
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                \begin{document}$$o(n)$$\end{document}$. The language accepted can be regular or not.

The third case is essentially saying that the complexity is $\documentclass[12pt]{minimal}
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                \begin{document}$$\varTheta (n)$$\end{document}$, except for some minor technicalities that will be discussed further in the paper. Therefore, there is a "gap" in the possible asymptotical behaviors of space complexity. No checking stack machine can have a space complexity between $\documentclass[12pt]{minimal}
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                \begin{document}$$\varTheta (n)$$\end{document}$ (as long as there is *some* function which bounds the space). The lower bound proof uses a method involving store languages of stack automata (the language of all words occurring on the stack of an accepting computation). We have not seen this technique used previously in the literature. Indeed, store languages are used in multiple proofs of this paper.

For non-erasing stack automata, there are differences with checking stack automata, as the complexity can be in $\documentclass[12pt]{minimal}
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                \begin{document}$$o(n)$$\end{document}$, though not constant. We present an automaton with a weak and accept space complexity in $\documentclass[12pt]{minimal}
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We also consider the following problem: Given a language (accepted by one of the stack automaton models) and one of the space complexity measures, what are the space complexities of the machines accepting it? We show that there is a checking stack language such that with the strong measure, every machine accepting it can use arbitrarily larger stack space than the input size, and therefore it is not *O*(*f*(*n*)) for any function *f*. Lastly, decidability questions on space complexity are addressed. It is shown that it is undecidable whether a checking stack automaton operates in constant space using the weak measure, however for both the strong and accept measures, it is decidable even for arbitrary stack automata.

Preliminaries {#Sec2}
=============

This section introduces basic notation used in this paper, and defines the three models of stack automata that we shall consider.

We assume that the reader is familiar with basics of formal language and automata theory. Please see \[[@CR9]\] for an introduction. An *alphabet* is a finite set of *letters*. A *word* over an alphabet $\documentclass[12pt]{minimal}
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                \begin{document}$$w\in \varSigma ^*$$\end{document}$, the *length* of *w* is denoted by \|*w*\|, and the number of occurrences of a letter $\documentclass[12pt]{minimal}
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                \begin{document}$$|w|_{a_i}$$\end{document}$. The *Parikh image* of *w* is the vector $\documentclass[12pt]{minimal}
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                \begin{document}$$w,u \in \varSigma ^*$$\end{document}$, we say that *u* is a *prefix* of *w* if $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {pref}(L)$$\end{document}$, is the set of all prefixes of all words in *L*. It is known that if *L* is a regular language, then $\documentclass[12pt]{minimal}
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Automata Models {#Sec3}
---------------

Next, we define the three types of stack automata models discussed in this paper.

### Definition 1 {#FPar1}

A one-way nondeterministic *stack automaton* (SA for short) is a 6-tuple $\documentclass[12pt]{minimal}
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                \begin{document}$$\varGamma _0$$\end{document}$ the alphabet $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma \setminus \{ {\triangleright \,}, {\,\triangleleft }\}$$\end{document}$.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_0 \in Q$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F\subseteq Q$$\end{document}$ are the *initial state* and the set of *final states*, respectively.$\documentclass[12pt]{minimal}
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                \begin{document}$$(p, \iota ) \in \delta (q,a,y)$$\end{document}$.

A *configuration* *c* of an SA is a triple $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ either has to be of the form , or of the form . The symbol  denotes the position of the stack head, which is currently scanning the symbol directly preceding it. We shall occasionally refer to the "pure" stack content, that is, the word $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{\gamma }$$\end{document}$. The *stack size* of *c* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\Vert {c}\Vert }_{\varGamma } = |{\hat{\gamma }}| = |{\gamma }| -3$$\end{document}$.

We use two relations between configurations:The *write relation*: If $\documentclass[12pt]{minimal}
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A *partial computation* of the automaton *M* on an input word *u* is a sequence of configurations$$\documentclass[12pt]{minimal}
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The *language accepted* by an SA *M*, denoted by $\documentclass[12pt]{minimal}
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The accepting computation in Eq. ([1](#Equ1){ref-type=""}) can be written uniquely as$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {stay}$$\end{document}$ instruction, and to always read with a 0 instruction before finishing.
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Any stack machine that has states that can be partitioned into write and read ones, such that write transitions can only be applied from write states, and read transitions can only be applied from read states, is said to have *partitioned states*. In such a machine, the current state in every configuration dictates whether the next transition to be taken is a write or a read transition.

A stack automaton is called *non-erasing* (NESA) if it contains no transitions to an element of $\documentclass[12pt]{minimal}
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                \begin{document}$$Q \times \{ \mathtt {pop}\}$$\end{document}$. A non-erasing stack automaton is called a *checking stack automaton* (CSA) if it has partitioned states and it contains no transitions from a read state to a write state. Every accepting computation of a checking stack automaton therefore has a single write phase followed by a single read phase.

We denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{L}(\textsf {SA}), \mathcal{L}(\textsf {NESA})$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{L}(\textsf {CSA})$$\end{document}$ the families of languages accepted by the three types of devices.

Complexity Measures on Stack Automata {#Sec4}
=====================================
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                \begin{document}$$ \sigma ^\mathrm{w}_M(u) = {\left\{ \begin{array}{ll} \min \left\{ {\Vert \mathcal {C}\Vert }_{\varGamma } \mid \mathcal {C} \text{ an } \text{ accepting } \text{ computation } \text{ on } u\right\} , &{} \text{ if } u\in L(M),\\ 0, &{} \text{ otherwise. } \end{array}\right. } $$\end{document}$$**accept** measure:**strong** measure: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \sigma ^\mathrm{s}_M(u) = {\left\{ \begin{array}{ll} \max \left\{ {\Vert \mathcal {C}\Vert }_{\varGamma } \mid \mathcal {C} \text{ is } \text{ a } \text{ partial } \text{ computation } \text{ on } u\right\} &{} \text{ if } \text{ it } \text{ exists },\\ \infty &{} \text{ otherwise. } \end{array}\right. } $$\end{document}$$

Next, we are interested in studying stack sizes as a function of the length of the input. Thus, for each $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sigma ^z_M(n)= & {} \max \left\{ \sigma ^z_M(u) \mid u \in \varSigma ^* \text{ and } |u|= n\right\} ,\\ \acute{\sigma }^z_M(n)= & {} \max \left\{ \sigma ^z_M(u) \mid u \in \varSigma ^* \text{ and } |u|\le n\right\} . \end{aligned}$$\end{document}$$The latter essentially forces the space complexity to be a non-decreasing function. We leave off *M* if it is clear based on the context.

Using this notation, we can now write $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\sigma ^z(n)$$\end{document}$ cannot be in *O*(*f*(*n*)) for any integer function *f*. If there is such a word *u*, then we say that *M* is *z-unlimited*, and *z-limited* otherwise.

Example 2 {#FPar2}
---------

Consider the language$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L = \{a^m b^k \mid m \le k, m \text{ divides } m + k\}.$$\end{document}$$This contains for example $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$a^3 b^6$$\end{document}$ because 3 divides 9. It contains $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ab^4$$\end{document}$ because 1 divides 5, but there are no other words accepted of length 5 since 5 is prime.

An obvious $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\textsf {CSA}$$\end{document}$ *M* accepting *L* copies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$a^m$$\end{document}$ to the stack, then verifies that *m* divides *k* by going back and forth on the checking stack while reading from the input and checking that both the stack and input reach the ends of their tape at the same time.

Here are some properties of *M*: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{s}(n), \sigma ^\mathrm{a}(n), \sigma ^\mathrm{w}(n)$$\end{document}$ are all *O*(*n*).For every even *n*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{a}(a^{n/2}b^{n/2}) = n/2$$\end{document}$, and thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{a}(n) \ge n/2$$\end{document}$. Therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{a}(n)$$\end{document}$ is not *o*(*n*).Also $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\acute{\sigma }^\mathrm{a}(n)$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega (f(n))$$\end{document}$ since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\acute{\sigma }^\mathrm{a}(n)$$\end{document}$ is non-decreasing.For every prime number *n*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{a}(n) = 1$$\end{document}$. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$\sigma ^\mathrm{a}(n)$$\end{document}$ is not $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\varOmega (n)$$\end{document}$. Further, $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^\mathrm{a}(n)$$\end{document}$ is not $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (f(n))$$\end{document}$ for any *f*(*n*) in $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\omega (1)$$\end{document}$ (i.e. *f*(*n*) is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\omega (1)$$\end{document}$ if for any positive constant *c*, there exists a constant *k* such that $\documentclass[12pt]{minimal}
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                \begin{document}$$0 \le c < f(n)$$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \ge k$$\end{document}$). So, if we use the function $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^\mathrm{a}$$\end{document}$ instead of the non-decreasing function $\documentclass[12pt]{minimal}
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                \begin{document}$$\acute{\sigma }^\mathrm{a}$$\end{document}$, then it is no longer at least linear.

Space Complexities of Stack Automata {#Sec5}
====================================

In \[[@CR8]\] it was shown that for every stack automaton *M*, there exists another stack automaton $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$$M'$$\end{document}$ such that $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$L(M) = L(M')$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{w}_{M'}(n)$$\end{document}$ is *O*(*n*). Here we show the stronger statement that for any checking checking stack automaton *M*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{w}_M(n)$$\end{document}$ is in *O*(*n*) (i.e. it is true for *M* without converting to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M'$$\end{document}$). Furthermore, it is also true for the accept (and strong) measures as well as long as they are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\mathrm{a}$$\end{document}$-limited ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\mathrm{s}$$\end{document}$-limited).

The basic idea of the proof for the weak measure is the following: consider some accepting computation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$$\mathcal {C}$$\end{document}$ on some string $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$u \in L(M)$$\end{document}$. Consider the stack at the end of this computation. We shall look for maximal sections of the write phase whereby, from the start of pushing this section until the end of pushing this section, only $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$-transitions are applied; and then in later read phases, this section of the stack is also only read on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$-transitions. Therefore, the behavior of the automaton in this section of the stack does not depend on the input string. We shall show that if this section of the stack is too large (larger than some constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z'$$\end{document}$), then we can find some smaller word that we can replace it with, without altering this behavior. This means that for every accepted string *u*, we can find an accepting computation in which each of these sections is at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \begin{document}$$z'$$\end{document}$ letters long. Since each of these sections of the stack are surrounded by cells of the stack in which the automaton reads some input symbol, there can be at most $\documentclass[12pt]{minimal}
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                \begin{document}$$(|u|+2) z'$$\end{document}$ letters on the stack in this new computation. A similar argument can be used for the accept and strong measures.

Proposition 3 {#FPar3}
-------------

Let *M* be a CSA. The following are true:$\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^\mathrm{w}_M(n)$$\end{document}$ is in *O*(*n*);if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\sigma ^\mathrm{a}_M(n)$$\end{document}$ is $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\mathrm{a}$$\end{document}$-limited, then $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^\mathrm{a}(n)$$\end{document}$ is *O*(*n*);if $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^\mathrm{s}_M(n)$$\end{document}$ is $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{s}$$\end{document}$-limited, then $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \begin{document}$$\sigma ^\mathrm{s}(n)$$\end{document}$ is *O*(*n*).

Whether or not the result above holds for $\documentclass[12pt]{minimal}
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                \begin{document}$$\textsf {NESA}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\textsf {SA}$$\end{document}$ generally is an open problem.

Notice that in the proposition above, it is not true that every $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^\mathrm{a}(n)$$\end{document}$ in *O*(*n*), because of the following more general fact:

Remark 4 {#FPar4}
--------

Consider a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {CSA}$$\end{document}$ machine *M* accepting $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma ^*$$\end{document}$ that nondeterministically pushes any string onto the stack using $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$-transitions, and then reads any input and accepts. Here, *M* is not $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{s}$$\end{document}$-limited and $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^\mathrm{a}(n)$$\end{document}$ is not *O*(*f*(*n*)) for any function *f*.

Lower bounds on the space complexity functions can also be studied similarly to upper bounds. The next proof starts with an accepting computation using some stack word, and then finds a new accepting computation on some possibly different input word that is roughly linear in the size of the stack. It then uses the regularity of the store languages of stack automata in order to determine that for every increase in some constant *c*, there's at least one more input word of that length that has a stack that is linear in the size of the input. That is enough to show that the accept and strong space complexities cannot be *o*(*n*), and if the non-decreasing function $\documentclass[12pt]{minimal}
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                \begin{document}$$\acute{\sigma }^z$$\end{document}$ is used, then it is at least linear.

Lemma 5 {#FPar5}
-------
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                \begin{document}$$z \in \{\mathrm{a}, \mathrm{s}\}$$\end{document}$. Let *M* be a CSA such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^z(n) \notin O(1)$$\end{document}$ and *M* is *z*-limited. The following are true:there exist *c*, *d*, *e* such that, for every $\documentclass[12pt]{minimal}
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                \begin{document}$$n \in \mathbb {N}_0$$\end{document}$, there is some input $\documentclass[12pt]{minimal}
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                \begin{document}$$u \in \varSigma ^*$$\end{document}$ (with $\documentclass[12pt]{minimal}
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                \begin{document}$$u \in L(M)$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \begin{document}$$z = \mathrm{a}$$\end{document}$) where $\documentclass[12pt]{minimal}
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                \begin{document}$$n \le |u| \le n+c$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$d |u| \le \sigma ^z(u) \le e |u|$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$\sigma ^z(n)$$\end{document}$ cannot be *o*(*n*),$\documentclass[12pt]{minimal}
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                \begin{document}$$\acute{\sigma }^z(n) \in \varOmega (n)$$\end{document}$.

Lemma [5](#FPar5){ref-type="sec"} is the "best possible result" in that it is not always the case that $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^\mathrm{a}(n) \in \varOmega (n)$$\end{document}$ since the space complexity can periodically go below linear infinitely often as demonstrated with Example [2](#FPar2){ref-type="sec"}. But what this lemma says is that it returns to at least linear infinitely often as well. Furthermore, there is a constant *c* such that it must return to at least linear for every increase of *c* in the length of the input. Putting together all results for $\documentclass[12pt]{minimal}
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                \begin{document}$$\textsf {CSA}$$\end{document}$ so far, we get the following complete characterization:

Theorem 6 {#FPar6}
---------

Let *M* be a CSA. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z \in \{\mathrm{a}, \mathrm{s}\}$$\end{document}$, exactly one of the following must occur.

*M* is *z*-unlimited, and so there is no *f* such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\acute{\sigma }^z(n) \in \varTheta (n)$$\end{document}$ (and *L*(*M*) can be either regular or not).

Proof {#FPar7}
-----
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                \begin{document}$$\mathrm{a}$$\end{document}$-limited, or not. If it is not, then *L*(*M*) can be either regular or not. Moreover, both are possible, as one can take an arbitrary $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M''$$\end{document}$ by starting by pushing an arbitrary word over a new stack letter *x* on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$-transitions, then simulating $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M'$$\end{document}$. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L(M') = L(M'')$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M''$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{a}$$\end{document}$-unlimited.

Assume that *M* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{a}$$\end{document}$-limited. And, assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{a}(n)$$\end{document}$ is *O*(1). Then only a bounded amount of the stack is used, and *M* can therefore be simulated by an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {NFA}$$\end{document}$, and hence *L*(*M*) is regular.

Assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{a}(n)$$\end{document}$ is not *O*(1). Then Lemma [5](#FPar5){ref-type="sec"} applies, and the statement follows. Also, it is possible for it to be non-regular (Example [2](#FPar2){ref-type="sec"}), or regular (by taking a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {DFA}$$\end{document}$ and simulating it with a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {CSA}$$\end{document}$ that copies the input to the stack while simulating the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {DFA}$$\end{document}$).    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

The question arises next of whether the lower bound is also true for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {NESA}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {SA}$$\end{document}$. We see that this is not true.

Proposition 7 {#FPar8}
-------------

There exists a NESA (and a SA) *M* that accepts a non-regular language such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{a}(n)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{w}(n)$$\end{document}$ are in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varTheta (\sqrt{n})$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{s}(n) \in O(\sqrt{n})$$\end{document}$.

Proof {#FPar9}
-----

Consider the language $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L = \{a^{1} b a^{2} b \cdots a^{r}b \mid r \ge 1 \}$$\end{document}$, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_0 = \text {pref}(L)$$\end{document}$, which is not regular. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_0$$\end{document}$ can be accepted as follows. Consider the input $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a^{l_1} b a^{l_2} b \cdots a^{l_r}b a^l, r,l \ge 0$$\end{document}$. *M* starts by reading and pushing *a*, then it repeats the following: It reads *b* and pushes one *a* on the stack, moves to the left end of the stack and matches the *a*'s on the stack to the next block of *a*'s of the input. These steps are repeated until the end of the last section, that can be (the only one) shorter than the word stored in the stack.

On an input of size *n*, there is one word accepted of this length and the stack $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/2 \sqrt{n} \le |\gamma | \le \sqrt{n}$$\end{document}$. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{a}(n)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{w}(n)$$\end{document}$ are in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varTheta (\sqrt{n})$$\end{document}$. For the strong measure, the stack is at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sqrt{n}$$\end{document}$ in size.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

It is possible to observe that there exists a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {NESA}$$\end{document}$ *M* that accepts a regular language such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{a}(n) \in \varTheta (\sqrt{n})$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{s}(n) \in O(\sqrt{n})$$\end{document}$. Let us consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_0 \cup \{a,b\}^* = \{a,b\}^*$$\end{document}$. A machine $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M'$$\end{document}$ can be built that either simulates *M* described in the proof of Proposition [7](#FPar8){ref-type="sec"}, or it reads the input and accepts without using the stack. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{a}_M(n) = \sigma ^\mathrm{a}_{M'}(n)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{s}_M(n) = \sigma ^\mathrm{s}_{M'}(n)$$\end{document}$.

In conclusion, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sqrt{n} \in o(n)$$\end{document}$, and thus Lemma [5](#FPar5){ref-type="sec"} cannot be generalized to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {NESA}$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {SA}$$\end{document}$. Therefore, unlike $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {CSA}$$\end{document}$, there is not a complete gap between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varTheta (1)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varTheta (n)$$\end{document}$, and the exact functions possible between them (besides $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sqrt{n})$$\end{document}$ remains open.

Space Complexities of Languages Accepted by Stack Automata {#Sec6}
==========================================================

Just as the space complexity of stack machines can be studied, it is also possible to ask the question, given a language $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L \in \mathcal{L}(\textsf {CSA})$$\end{document}$, what are the space complexities of the machines in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {CSA}$$\end{document}$ accepting *L*? (and similarly for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {NESA}, \textsf {SA}$$\end{document}$). It follows from Proposition [3](#FPar3){ref-type="sec"} that for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L \in \mathcal{L}(\textsf {CSA})$$\end{document}$, there exists a machine $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M \in \textsf {CSA}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{w}(n)$$\end{document}$ is *O*(*n*). A similar result is also known to be true for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {SA}$$\end{document}$ generally \[[@CR8], [@CR12]\].

For the strong measure, we will see that there are languages where all the machines that accept them are more complicated.

Example 8 {#FPar10}
---------

Consider the language$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ L_\mathrm{copy}=\{u \$ u \sharp v \$ v \mid u,v \in \{a,b\}^*\}\text{. } $$\end{document}$$Certainly, there is an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M \in \textsf {CSA}$$\end{document}$ that accepts *L* as follows: on input $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u' \$ u'' \# v' \$ v''$$\end{document}$, *M* guesses two words *u* and *v* in advance on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$-transitions, and pushes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u \# v$$\end{document}$ on the stack; then *M* verifies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u = u' = u''$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v = v' = v''$$\end{document}$.

For the accept measure, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{a}_M(n) \in O(n)$$\end{document}$, as all computations that accept have a stack that is linear in the input. However, for the strong measure, because the machine *M* starts by guessing and pushing both *u* and *v* on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$-transitions, *M* could guess *u* and *v* that are substantially longer (arbitrarily longer) than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u'$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v'$$\end{document}$. This machine *M* is therefore $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{s}$$\end{document}$-unlimited.

The question arises as to whether *every* machine that accepts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_\mathrm{copy}$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{s}$$\end{document}$-unlimited. We will see that this is indeed the case. To show this, we first prove the following lemma, which again uses store languages

Lemma 9 {#FPar11}
-------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M=(Q,\varSigma ,\varGamma ,\delta ,q_0,F)$$\end{document}$ be a CSA with partitioned states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_w$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_r$$\end{document}$. The language composed of all the input words scanned by *M* during the (complete) write phase of each accepting computation, is a regular language.

This is useful towards the following proposition.

Proposition 10 {#FPar12}
--------------

For the language $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_\mathrm{copy} \in \mathcal{L}(\textsf {CSA})$$\end{document}$ from Example [8](#FPar10){ref-type="sec"}, for all *M* accepting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_\mathrm{copy}$$\end{document}$, *M* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{s}$$\end{document}$-unlimited. Thus, for each such *M* accepting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_\mathrm{copy}$$\end{document}$, there is no function *f* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^\mathrm{s}_M(n)$$\end{document}$ is *O*(*f*(*n*)).

Proof {#FPar13}
-----

We show that for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsf {CSA}$$\end{document}$ *M* accepting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_\mathrm{copy}$$\end{document}$, *M* can perform an arbitrarily long sequence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$-transitions that write (either push or stay) where the size of the stack can grow arbitrarily without reading input letters. If there is some sequence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$-transitions that writes (that can be reached from the initial configuration) that is bigger than the number of states of the machine multiplied by the stack alphabet, then *M* has a cycle in which only write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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For the accept measure, the situation is more complicated, and it is left open. However, we have the following conjecture. Consider the language$$\documentclass[12pt]{minimal}
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Decidability Properties Regarding Space Complexity of Stack Machines {#Sec7}
====================================================================

It is an easy observation that when the space used by a checking stack automaton is constant, the device is no more powerful than a finite automaton. Nevertheless, given a checking stack automaton *M*, it is not possible to decide whether or not it accepts by using a constant amount of space with the weak measure. This result can be derived by adapting the argument used in \[[@CR14]\] for proving that, when the weak measure is considered, it is not decidable whether or not a nondeterministic pushdown automaton accepts by using a constant amount of pushdown store. In that case, the authors used a technique introduced in \[[@CR6]\], based on suitable encodings of single-tape Turing machine computations and reducing the proof of the decidability to the halting problem; this can be done here as well.

Proposition 11 {#FPar14}
--------------

It is undecidable whether a CSA *M* accepts in space $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^\mathrm{w}(n)\in O(1)$$\end{document}$ or not.

On the other hand, although it may seem counterintuitive, the same problem is decidable for the accept and strong measures, even for stack automata.

Proposition 12 {#FPar15}
--------------
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Proof {#FPar16}
-----

For the accept measure, first, we construct a finite automaton $\documentclass[12pt]{minimal}
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                \begin{document}$$L(M')$$\end{document}$ since it is regular, which is finite if and only if *M* operates in constant space.

For the strong measure, we can take *M*, and change it so that all states are final, then calculate the store language, and decide finiteness.    $\documentclass[12pt]{minimal}
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Conclusions and Future Directions {#Sec8}
=================================

In this paper, we defined and studied the weak, accept, and strong space complexity measures for variants of stack automata. For checking stack automata with the accept or strong measures, there is "gap", and no function is possible between constant and linear, or above linear. For non-erasing stack automata, there are machines with complexity between constant and linear. Then, it is shown that for the strong measure, there is a checking stack language such that every machine accepting it is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{s}$$\end{document}$-unlimited (there is no function bounding the strong space complexity). Lastly, it is shown that it is undecidable whether a checking stack automaton has constant space complexity with the weak measure. But, this is decidable for both the accept and strong measures even for stack automata.

Many open problems remain. It is desirable to know whether there are any gaps between constant and linear space for the weak space complexity measure for checking stacks. Also, it is open whether all stack automata have linear weak space complexity (it is known that every language has some machine that operates in linear space complexity). The exact accept and strong space complexity functions possible for non-erasing and stack automata (besides constant, square root, and linear) still need to be determined. It is also open whether there is some stack language (or non-erasing stack language) such that every machine accepting it is $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{a}$$\end{document}$-unlimited, although this is also an open problem. Answering these open questions would be of interest to the automata theory community.

We point out that, especially in the context of Turing machines, the weak measure, corresponding to the minimal cost among all accepting computations on a given input, if any, is by far the most commonly used.
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